MTH 203 - Quiz 2 Solutions

1. Let G be a group. If G/Z(G) is cyclic, then show that G is abelian.

Solution. Let N = Z(G). Since G/N is abelian, we have G/N = (zN)
for some N € G/N. In other words, for each hN € G/N, there exists
k € Z such that hN = z*N. Thus, every g € G can be written in the
form ¥z for some z € N and k € Z. Now consider arbitrary ¢;, g» € G.
Then for i = 1,2, we have ¢; = ¥ z;, where z; € N and k; € Z. Thus,
we have:

G192 = (2M2)(2"2)
= (2M)(z12%)29 (Associativity in G)
k) (2%221)29  (Since 21 € Z(G))
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= ﬂck%kl)(@zl)
= 2P (2M2)z;  (Associativity in G)
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which shows that G is commutative.

2. Determine whether the following statements are true or false. Justify
your answers. [5+5]

(a) For n > 3, there exists a surjective homomorphism Zg,, — Dy,,.

(b) For n > 3, there exists an injective homomorphism C,, — Ds,.

Solution. (a) This statement is false. Suppose that there exists a sur-
jective homomorphism ¢ : Zs, — Ds,. Then by the First Isomorphism
Theorem, we have:

Lo ker ¢ = Doy,

Moreover, ker ¢ is cyclic as it a (normal) subgroup of the cyclic group
Zop. Thus, it follows that Zs,/ ker ¢ is abelian as it is the quotient two
abelian groups (why?). Since Ds, is non-abelian, this clearly contra-
dicts the fact that Zo,/ ker ¢ = Ds,.

(b) The statement is true. For 0 < k < n — 1, consider the map

@ :Cp — Dy = (r,5) : 2/ By k.



The map ¢ is clearly well-defined. Furthermore, ¢ is a homomorphism
since:
Sp(ei27rk1/nei2ﬂ'k2/n> _ S0(61'27r(k:1/—i—kg)/n)
= rhkitk (By definition of )
J— ,r.kl ,r.kg *
= (e?™1/m)p(e?mk2/m)  (By definition of ¢)

To see that ¢ is injective, it suffices to show that ker o = {1}. However,
this follows from the argument that:

ker ¢ = {g€C,:p(g) =1} (By definition of ker ¢)
— {eiQTrk/n c Cn . g0<€i27rk/n) — 1}
= {e™/m e C, ik =1} (By definition of ¢)

— {ei27rk:/n c Cn k= 0}
= {1}.



